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We study bidirectional teleportation while explicitly taking into account an environment. This environment
initially causes pure dephasing decoherence of the Bell state which assists teleportation. We find that when
teleportation is performed in one direction it is accompanied by a transfer of correlations into the post-teleportation
state of qubit C, which results in decoherence of the state. In the other direction, if no new decoherence process
occurs, we find that not only the state of the qubit but also its correlationswith an environment are being teleported
with unit Fidelity. These processes do not depend on the measurement outcome during telportation and do not
differentiate between classical and quantum correlations. If, on the other hand, the second teleportation step
is preceded by decoherence of the Bell state then the situation is much more complicated. Teleportation and
transfer of correlations occur simultaneously, yielding different teleported qubit-environment states for different
measurement outcomes. These states can differ in the degree of coherence of the teleported qubit, but only for an
entangling Bell-state-environment interaction in the first step of teleportation, can they have different amounts
of qubit-environment entanglement. In the extreme case, one of the teleported qubit states can be entangled with
the environment while the other is separable.
I. INTRODUCTION
Teleportation [1] is a pivotal example of the consequences
and importance of entanglement. Using a two-qubit entangled
state one can transport an unknown qubit state onto another
qubit. Since fundamentally in quantum mechanics particles
are indistinguishable, this post-teleportation qubit is indistin-
guishable from the pre-teleportation one by any measurement.
This means that it is the same qubit. It has been also shown
that teleportation can be viewed as a primitive subroutine of
quantum computation [2].
Since its original discovery [1], teleportation has been ex-
tensively studied theoretically. Firstly, more complex telepor-
tation scenarios have been devised [3–5], allowing for tele-
portation of quantum states of larger ensembles using larger
maximally entangled states. Furthermore, the effects of tele-
portation via a non-maximally entangled state on the Fidelity
of teleportation have received much attention [3, 6–13]. Here,
a particularly important case is related to the loss of coherence
[3, 9–13], since decoherence is rarely avoidable in realistic
qubit realizations. It has been found that when the average
teleportation Fidelity over all possible qubit states is smaller
than 2/3, the bipartite state used to perform teleportation must
be separable [1, 11, 14].
The first experimental realizations of teleportation were per-
formed quite soon after the theoretical prediction, most notably
on optical systems [15–17], but there were also successful ex-
periments performed on NMR [18]. Later realizations on dif-
ferent systems have been demonstrated, such as atoms, ions,
and particles [19, 20], teleportation between light and matter
[21], teleportation of continous variables [22, 23], etc. Si-
multanously the distances over which successful teleportation
has been demonstrated have been extended until a definitely
macroscopic range of teleportation has been obtained [24–26].
Recently, interesting effects resulting from more realistic
theoretical treatment of the processes which lead to decoher-
ence have been found. For example, it has been shown that
local noise can enhance two-qubit teleportation while it does
not increase entanglement of the teleported state [27]. Fur-
thermore, non-local memory effects allow for teleportation
Fidelity enhancement when teleporting using a mixed entan-
gled state [28]. These results suggest that the nature of the
interaction with the environment is important when perform-
ing teleportation and the environment could possibly be used
to assist faithful teleportation.
We study bidirectional teleportation [29, 30] in the simplest
possible scenario when an unknown qubit state is teleported
via a Bell state. We include an interaction between the Bell
state and an environment and keep the degrees of freedom of
the environment explicitly while performing teleportation on
the qubits. This allows us to study not only the effect that the
environment has on the qubit states during the procedure, but
also the effect that the qubits have on the environment. We are
especially interested in the behavior of correlations of specific
parts of the three-qubit system and the environment, whether
quantum or classical.
We find that in the first step of teleportation, the correla-
tions which are initially present between the two-qubit Bell
state and the environment are transferred into one qubit while
information about the unknown qubit state is teleported. This
yields a qubit-environment state in which all of the informa-
tion about the unknown state is present, but the correlations
with the environment make it impossible to read it out from
the qubit state alone.
If the teleportation is performed in the other direction with-
out additional decoherence then we observe perfect teleporta-
tion of the qubit-environment state. Hence, not only the state
of the qubit (which is mixed) is teleported with unit Fidelity,
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but the correlations which were present between qubit C and
the environment have been teleported to qubit A. This is tele-
portation rather than transfer, since no correlations with the
environment were ever previously present for qubit A. Note
that there is an infinite number of qubit-environment density
matrices which yield the same mixed qubit state, so the perfect
conveyance of the correlations is by no means obvious.
For the two processes described above, the measurement
outcome in the teleportation procedure is irrelevant. Further-
more, there is no quantitative or qualitative difference between
the situation when the interaction with the environment leads
to entanglement or not.
Once the two processes occur simultaneouslywhenwe allow
new decoherence to take place between teleportations, there
is a qualitative change in the results. Firstly, the measurement
outcome is no longer irrelevant and there are two disting qubit-
environment states which can be obtained after teleportation.
They can differ in qubit coherence, but if the decoherence in
the first step of teleportation is entangling then they can also
differ in the amount of qubit-environment entanglement. This
difference can be arbitrarily large and it is possible for one
state to be separable while the other is entangled.
The paper is organized as followed. The basic concept of
teleportation is recounted in Sec. II. Teleportation in one di-
rection with the help of a decohered Bell state is studied in
Sec. III, while teleportation in the other direction when no ad-
ditional decoherence process has occured is studied in Sec. IV.
In Sec. Vwe study the same teleportation process as in Sec. IV,
but for the situation when the second teleportation procedure
is precluded by decoherence of the Bell state. Examples for
Sec. IV are provided in Sec. VI. Sec. VII concludes the paper.
II. TELEPORTATION
The protocol of teleportation of an unknown qubit state
[1], regardless of its huge implications for the importance and
consequences of entanglement, is particularly straightforward.
Three qubits are necessary: Qubit A, the unknown quantum
state of which is to be teleported,
|ψ〉A = α |0〉A + β |1〉A, (1)
and two qubits B and C, which are initially in a maximally






(|00〉BC + |11〉BC) . (2)
The procedure itself involves a measurement of qubits A
and B in the Bell basis which transfers the information about
the coefficients α and β into the state of qubit C, followed by
a unitary operation on qubit C, which is dependent on the out-
come of the measurement. The unitary operation transforms
the post-measurement state of qubit C into state (1). Note that
this procedure faithfully teleports the state from qubit A to
qubt C, even if the initial state of qubit A is mixed.
In the following, wewill implicitly assume that themeasure-
ment outcome on qubits A and B is the Bell state (2). This is
because this measurement outcome guarantees the teleporta-
tion from qubit A to C without the necessity of performing an
additional unitary operation. This choice bears no conceptual
consequence on the results presented in the next two sections,
as what is obtained is equivalent regardless of the outcome, so
it is made strictly for convenience.
III. TELEPORTATION WITH THE HELP OF
DECOHERED BELL STATE
Teleportation by means of a non-maximally entangled state
has already been extensively studied, both in the case of pure
states [6–8], and in the situation when the decrease in entan-
glement is related to some form of decoherence [3, 9–13].
We will study the situation when the Bell state (2) undergoes
pure dephasing due to an interaction with an environment.
What is special in our approach is that we will not trace out
the environment and instead study the full density matrix of
the three qubits and the environment. This allows us to keep
track of what happens with the correlations that have formed
throughout the evolution during the teleportation procedure
and identify which processes are accompanied by transfer or
teleportation of correlations and how faithful they are.
To this endwe assume that between initialization of the three
qubits in state |ψ〉A ⊗ |Φ+〉BC and the measurement of qubits
A nd B in the Bell basis, there is a time τ during which qubits





|i j〉BCBC 〈i j | ⊗ V̂i j . (3)
Here the operators V̂i j act on the subspace of the environment.





|i j〉BCBC 〈i j | ⊗ ŵi j(τ), (4)
with








We assume that initially the environment is in a product
state with the qubits, and the full initial state of system ABCE
is given by
σ̂(0) = |ψ〉AA〈ψ | ⊗ |Φ+〉BCBC 〈Φ+ | ⊗ R̂(0), (6)
where R̂(0) is the initial state of the environment. We do not
make any assumptions on the environmetal density matrix.
Hence, using the evolution operator (4) we find the state of the
qubits and the environment at time τ,




R̂00(τ) 0 0 R̂01(τ)
0 0 0 0
0 0 0 0
R̂10(τ) 0 0 R̂11(τ)
ª®®®¬BCE . (7)
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In eq. (7) the density matrix on the right of the tensor product
describes the joint state of qubits B, C and the environment.
It is written in a notation which is convenient for interactions
leading to pure dephasing [32, 33], where the matrix form is
used with respect to the pointer basis of the two qubits, |i j〉BC ,
while R̂i j(τ) are environmental operators with
R̂i j(τ) = ŵii(τ)R̂(0)ŵ†j j(τ). (8)
Since R̂00(τ) and R̂11(τ) are density matrices, tracing out the
environmental degrees of freedom from the matrix (7) yields





1 0 0 c(τ)
0 0 0 0
0 0 0 0
c∗(τ) 0 0 1
ª®®®¬ , (9)
with c(τ) = TrE R̂01(τ).
We now perform a projective measurement in the Bell basis
on qubits A and B for the whole, three qubit and environment,
system in state (7). If the outcome is (2), then the post-
measurement state is
σ̂PM (τ) = |Φ+〉ABAB 〈Φ+ | ⊗
(
|α |2 R̂00(τ) α∗βR̂01(τ)





When the post measurement state of qubit C and the envi-
ronment on the right side of the tensor product in eq. (10) is
compared to the pre measurement BCE state [on the right side
of the tensor product in eq. (7)], it is apparent that two pro-
cesses took place. On one hand, the coefficients of the qubit
A state (1) have been teleported to qubit C, but simultanously
the correlations with the environment that were present with
qubits B and C have been fully transferred to qubit C.
These correlations are the reason that the teleported state of
qubit C is dephased. In fact, the degree of coherence of qubit
C is the same as the previous degree of coherence of the Bell







with the same dephasing coefficient c(τ) as in eq. (9).
The system-environment correlations which are present in
eqs (7) and (10) may either be quantum (with an entan-
gled system-environment state) or classical (with a separable
system-environment state) if the initial state of the environ-
ment is mixed [31, 34]. It is important to note here that the
nature of the correlations cannot change during teleportation.
The qubit-environment entanglement measure tailored to
pure dephasing evolutions, which was introduced in Ref. [35],
can be used to quantify the amount of entanglement in the CE
state in eq. (10). It can also be used to quantify entanlgement
of the BCE state of eq. (7) because during pure dephasing
the state of qubits B and C is effectively confined to a two-





for the dephased Bell state and by






= 4|α |2 |β |2EBCE
(12)







denotes the Fidelity. As seen from eq. (12)
the amount of entanglement transferred depends strongly on
the teleported state (1), but teleportation retains the nature of
the correlation during transfer. If the state of qubit A before
teleportation is either |0〉 or |1〉, entanglement will not be
transferred, but these are also the only states which will be
teleported faithfully. Any superposition state will acquire a
part of entanglement with the environment if it is present in
state (7) and this fraction is given by 4|α |2 |β |2. If, on the
other hand, the decoherence of the Bell state is separable in
its nature then no quantum correlations can be present in the
post teleportation state (qubit-environment entanglement for
pure dephasing evolutions is equivalent to the quantum discord
[36]).
IV. TELEPORTATION OF DECOHERED STATE
We will now study teleportation from qubit C to qubit A
assuming no delay time between the procedure described in the
previous section. Hence, the pre-teleportation state is given
by eq. (10), so qubit C is correlated with the environment
while qubits A and B are in Bell state (2). The two-qubit
measurement is performed on qubits B and C and we again
assume that the outcome is the state (2), for clarity.
After teleportation, the system of three qubits and environ-
ment is given by
σ̂PM2(τ) =
(
|α |2 R̂00(τ) α∗βR̂01(τ)
αβ∗ R̂10(τ) |β |2 R̂11(τ)
)
AE
⊗ |Φ+〉BCBC 〈Φ+ |.
(13)
Comparing this state with the pre-teleportation state (10), we
note that the state of qubit A and the environment is exactly
the same as the state of qubit C and environment was before
teleportation. If the environmental degrees of freedom are
traced out of the post-teleportation AE state, we will obtain
exactly the pre-teleportation state of qubit C, which is given
by eq. (11). It is relevant to note here that there is an infinite
number of AE states that yield the same dephased state of
qubit A. For a mixed environment, such AE states can differ
substantially, as there exist both entangled and separable states
that lead the same amount of qubit decoherence. The states
are not equivalent as entanglement easily manifests itself in
e. g. post-measurement qubit evolution [37–39], so the exact
transfer of correlations is a relevant factor.
Hence, not only the state of qubit C was teleported with unit
Fidelity to qubit A, but the state of qubit A and its environment
is now exactly the same as the initial state of qubit C and the
same environment. Qubit-environment correlations have been
faithfully teleported during the process.
V. SIMULTANEOUS TRANSFER AND TELEPORTATION
OF CORRELATIONS
In this section we would like to study the situation when the
teleportation back from qubit C to qubit A is preceded by a
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decohering of the Bell state, similarly as in Sec. III. Hence we
start with the ABCE state (10) and allow qubits A and B to
undergo pure dephasing for time t. The process is governed
by a Hamiltonian with the same structure as Hamiltonian (3),
hence the evolution operator (4) and conditional evolution op-
erators (5) also retain the structure. We do not assume that it
is the same Hamiltonian, so any operators pertaining to this
second process will be labeled with a prime.
Since there are correlations between qubit C and the en-
vironment already present in state (10), the newly decohered
state cannot be written in product form between parts AB and
CE as eq. (10), nor in a product form between parts ABE and
C, equivalently to eq. (7). In most situations there are at least
classical correlations present in the partitions. The state is
given by




|α |2 R̂0000(τ, t) α
∗βR̂0001(τ, t) |α |
2 R̂0100(τ, t) α
∗βR̂0101(τ, t)
αβ∗ R̂0010(τ, t) |β |
2 R̂0011(τ, t) αβ
∗ R̂0110(τ, t) |β |
2 R̂0111(τ, t)
|α |2 R̂1000(τ, t) α
∗βR̂1001(τ, t) |α |
2 R̂1100(τ, t) α
∗βR̂1101(τ, t)
αβ∗ R̂1010(τ, t) |β |
2 R̂1011(τ, t) αβ




where the sixteen environmental matrices are obtained from
eq. (8) following





The matrix form in eq. (14) corresponds to the states of the
three qubits, where the basis is arranged in the following or-
der: {|000〉, |001〉, |110〉, |111〉}. The other four elements of
the three-qubit basis have been omitted, as all other matrix
elements are equal to zero.
Let us now teleport the state of qubit C to qubit A. Contrar-
ily to the results of Secs III and IV, the measurement outcome
on qubits B and C actually matters here. Regardless of the
measurement outcome |λ〉BC , the post-teleportation state (af-
ter the measurement and apropriate unitary transformation on
qubit A) will be of the form
σ̂′PM2(τ, t) = ρ̂
λ
AE (τ, t) ⊗ |λ〉BCBC 〈λ |, (16)





|α |2 R̂0000(τ, t) α
∗βR̂0101(τ, t)





for either outcome |Φ±〉 = (|00〉 ± |11〉) /
√





|α |2 R̂1100(τ, t) α
∗βR̂1001(τ, t)





for either outcome |Ψ±〉 = (|01〉 ± |10〉) /
√
2. The states (17)
and (18) are obviously different, and although for both states
the initial correlations of qubit C with the environment were
teleported faithfully [as indicated by the subscript in the ma-
trices R̂kqij (τ, t), which always correspond to the matrices in
eq. (10)], different correlations from state (14) are transported
into the state (the superscript pertain to the later decoherence
process).
Both states (17) and (18) yield a purely dephased state of
qubit A after the environment is traced out, but the degree of
coherence can be different. The density matrices describing
the state of qubit C alone retain the form of eq. (11), but with














The two quantities are obviously the same if the two condi-







= 0, ŵ′ii(t) = ŵ
′†
ii (t).
They are complex conjugates of each other if the matrix R̂01(τ)
is Hermitian.
If there is entanglement in either AE state (17) or (18), it is
of the type which can be qualified by the condition of Ref. [34],
















respectively, while the condition of separability of qubit C
and the environment pre-teleportation and decoherence (10) is
R̂00(τ) = R̂11(τ). Hence, if there is no entanglement after the
first part of teleportation then both states are either entangled
or separable, and the amount of entanglement in the two states
is also the same [35], as it is quantified by a function analogous
to eq. (12),









with k = 0 and q = 1 for state (17) and k = 1 and q =
0 for state (18). Since for a separable state (10), we have
R̂0000(τ, t) = R̂
00
11(τ, t) and R̂
11
00(τ, t) = R̂
11
11(τ, t), the function
(21) yields the same outcome for both states. Note, that this
does not necessarily translate to the same degree of coherence,
as discussed in the previous paragraph.
When there is entanglement between qubit C and the en-
vironment in state (10) then the conditions of separability for
states (17) and (18) differ from each other. The two states
can, in this case, not only have a different amount of qubit-
environment entanglement, but the situation when one of the
states is separable while the other is entangled can be real-
ized. This is a direct consequence of the type of entanglement
between the three qubits and the environment present in state
(14). The conditions (20) constitute two of the seven nontrivial
separability conditions of the first type for an 8-dimensional
system and an environment interacting via a pure-dephasing
Hamiltonian [31], which are applicable in case of a densityma-
trix of the form (14). Since this is effectively a 4 × 4 system,
then a further four conditions are automatically fulfilled, and
only one nontrivial separability condition of this type is irrele-
vant in case of the teleportation process under study. None of
the separability conditions of the second type [31] are relevant
here, because we are dealing with transfer of entanglement
to a single qubit and the second type of entanglement has no
single-qubit equivalent.
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VI. EXAMPLE: A SINGLE QUBIT ENVIRONMENT
To illustrate the results of the previous section we will study
an exemplary system environment evolution with the small-
est possible environment, one composed of a single qubit.
We will assume that the initial state of the environment is
R̂(0) = c0 |0〉〈0| + c1 |1〉〈1|, so it is pure for c0 = 0, 1 and
maximally mixed for c0 = c1 = 1/2. We will further as-
sume, for simplicity, that the interaction with the environ-




Let us look at the situation when the first interaction, the
one described in Sec. III, yields a separable qubit-environment
state at all times τ. Thismeans that the operator ŵ00(τ)must be
diagonal in the same basis as the initial state of the environment
at all times [34], so it can be written as ŵ00(τ) = eiϕ0τ |0〉〈0| +
eiϕ1τ |1〉〈1|, and we get R̂01(τ) = c0eiϕ0τ |0〉〈0|+ c1eiϕ1τ |1〉〈1|.
We will write the conditional evolution operator governing the
second decoherence process in a general way,
ŵ′00(t) = e
iφa t |a〉〈a| + eiφb t |b〉〈b|. (22)
Here |a〉 = x |0〉+ y |1〉 and |b〉 = y∗ |0〉 − x∗ |1〉 are two orthog-
onal states that diagonalize the respective part of the Hamil-
tonian. The parameters x and y, |x |2 + |y |2 = 1, depend on
the interaction Hamiltonian and are used as parameters in this
example.
It is now straightforward to find the values of the degree of
coherence factors (19), which are given by
cλ(τ, t) = |x |2
[





c0ei(ϕ0τ±φb t) + c1ei(ϕ1τ±φa t)
]
,
with pluses for λ = Φ± and minuses for λ = Ψ±. In Fig. 1 we
plot the absolute value of cλ(τ, t) in both cases for a maximally
mixed environment (so both qubit-environment states are al-
ways separable) for ϕ0 = 0 and φa = 0, and for different values
of |x |2. We set the first decoherence time so that ϕ1τ = π/2
and the state teleported in the first part of the procedure is
dephased, and show the degree of coherence as a function of
φbt. For |x |2 = 0.5 both curves are the same, but in the other
two cases, the degree of coherence of qubit A after the second
teleportation strongly depends on the measurement outcome
on qubits B and C.
We will now look at a situation when both interactions can
lead to entanglement to illustrate the fact that depending on the
measurement result in the second teleportation process we can
have a qubit which is entangled with its environment or not.
To this end, let us assume that both operators ŵ00(τ) and ŵ′00(t)
are the same and are given by eq. (22) with t = τ, while the
other two conditional evolution operators remain trivial. We
then easily find that R̂1100(t, t) = R̂
00
11(t, t) = ŵ00(t)R̂(0)ŵ
†
00(t),
so the separability condition (20b) is fulfilled for all t and there
is not qubit-environment entanglement in state (18).
The two environmental operators relevant for entanglement
in state (17) are given by R̂0000(t, t) = ŵ00(2t)R̂(0)ŵ
†
00(2t) and














FIG. 1. Exemplary degree of coherence (absolute value) for λ = Φ±
and λ = Ψ± for a single qubit environment initially in a maximally
mixed state, when no entanglement is generated before the first tele-
portation, as a function of decoherence time before second teleporta-
tion. The first decoherence time yields ϕ1τ = π/2. Different curves
correspond to different conditional evolution of the environment be-
fore the second teleportation with |x |2 = 0.1 (dashed blue lines),















FIG. 2. Evolution of the difference between entanglement present in
state (rhoaepsi) and state (rhoaephi) for a single qubit environment
and exemplary pure-dephasing Hamiltonian with x = y = 1/
√
2. Dif-
ferent curves correspond to different initial state of the environment
with c0 = 0.6, 0.7, 0.8, 0.9, 1 going from the bottom curve to the top.
fulfilled unless x = 0 or y = 0 outside of discrete points
in time. Entanglement measured by the function (21) for
x = y = 1/
√
2 is plotted in Fig. 2 for different initial mixedness
of the environment and for an equal superposition teleported
state (1).
VII. CONCLUSION
In this paper we have studied bidirectional teleportation
of a qubit via a maximally entangled Bell state. We took
into account a process leading to pure dephasing of the Bell
state due to an interaction with an environment, but contrarily
to previous works on the subject, we have kept the degrees
of freedom of the environment throughout. Thanks to this,
we were able to study the behavior of correlations with the
environment while the teleportation procedure was operated.
Studying teleportation in one direction, we found that the
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correlations initially present between the Bell state and the
environment are transported to the state of one qubit simulta-
neously as the unknown state is teleported to the same qubit.
This yields a qubit-environment state which contains all in-
formation about the teleported qubit state, but the correlations
with the environment mean that the state cannot be read out
by measurements on the qubit alone (the information is not
contained in the state of the qubit, but rather in the state of the
qubit and environment).
If teleportation in the opposite direction is performed with-
out additional decoherence, we observe that the state of the
qubit and its correlations with the environment are teleported
faithfully by the procedure. This means that the qubit-
environment state pre- and post-teleportation is exactly the
same, so also the state of the qubit alone was teleported with
unit Fidelity. The two effects described above do not depend
on the measurement outcome in the teleportation procedure.
If the second step of teleportation is preceded by a pure-
dephasing process on the Bell state then the effect of tele-
portation does depend on the measurement outcome. In this
case, due to correlations already present between one qubit
and the environment, decoherence can be accompanied by the
generation of entanglement between the three qubits and the
environment, but also situations involving only generation of
classical correlations are possible. During teleportation, the
process of transport of correlations to only a single qubit and
the teleportation of correlations between two qubits are inter-
mixed. As a result there are two possible outcomes of telepor-
tation, meaning that depending on the measurement outcome,
to distinct qubit-environment states can be obtained. If the pre-
teleportation qubit-environment state is separable then these
two states must have the same amount of quantum correla-
tions, although their degree of coherence can differ. If the
pre-teleportation state is entangled then the states can not only
differ in coherence, but also the amount of qubit-environment
entanglement. The extreme case which can be realised has
one of the teleported state contain only classical correlations
while the other displays qubit-envronment entanglement.
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